Microsc. Microanal. Microstruct. 3 (1992) 159-174 APRIL/JUNE 1992, PAGE 159

Classification
Physics Abstracts
07.80 — 61.16D — 82.80

Elemental mapping using an imaging energy filter: image
formation and resolution limits

Arthur Berger and Helmut Kohl

Institut fiir Angewandte Physik, Technische Hochschule Darmstadt, HochschulstraBe 6,
D-W-6100 Darmstadt, Germany

(Received March 27, 1992; accepted May 14, 1992)

Résumé. — Cartographie chimique par filtrage d’énergic: formation de I'image et limite de résolu-
tion. L’obtention des cartes chimiques avec un microscope €lectronique conventionel équipé d’un
filtre d’énergie est discutée. On justifie au moyen des calculs numériques la validité de ’'approximation
dipolaire. Afin de disposer d’un rapport de signal/bruit suffisant, il est indispensable d’utiliser une
bande d’énergie finie. C’est pourquoi nous avons calculé la résolution spatiale en fonction de la largeur
énergétique sélectionée par le filtre: il nous parait possible de résoudre des structures a ’échelle de 1
nanometre.

Abstract. — The formation of elemental maps in an electron microscope with an imaging energy
filter is discussed. The validity of the dipole approximation for the computation of element specific
images is demonstrated by explicit comparison with central-field calculations. To obtain a reasonable
signal/noise ratio it is vital to use a finite encrgy window. The attainable resolution is calculated as a
function of the width of thc energy window. A practical resolution limit of about 1 nm seems feasible.

Introduction.

The invention of the imaging energy filter thirty years ago by Castaing and Henry [1] has certainly
been a milestone in electron microscopy. It permits to form an image or a diffraction pattern using
a predetermined energy loss. As this energy loss can be set at will, it can be considered to be a
third coordinate in addition to the two lateral coordinates in the image plane. The insertion of an
imaging energy filter into the column of an electron microscope thus introduces a new dimension
into electron microscopy.

Professor Castaing and his coworkers have subscquently used their new device for numerous stud-
ies on fundamental problems in electron microscopy and in solid state physics. They have demon-
strated that the contrast in diffraction patterns can be considcrably improved by using only the
elastically scattcred clectrons [2,3, 4]. The same procedure has been used to study the intensity
profiles of Kikuchi-lines [5, 6]. Furthermore, the preservation of the elastic contrast in plasmon
loss images of thickness fringes, bend contours and of stacking faults [7, 8], of Fresnel fringes [9]
and of Lorentz-images of magnetic domains [10] has been investigated by the Orsay-group.
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Apart from these signals, whose information content stems from the elastic scattering processes,
Professor Castaing and his coworkers have shown that precipitates can be imaged using specific
plasmon losses [3,4]. Similarily voids can be imaged using an appropriate surface plasmon loss
[11].

The elemental composition of a specimen can be determined by use of the electrons having lost
an energy corresponding to the excitation of an inner-shell characteristic for the element [12, 13].
Using an imaging energy filter, it is thus possible to produce elemental maps [14,15,16,17]. In
the following we shall focus on this last aspect.

In recent years, commercial instruments incorporating a Castaing-Henry filter have been used in
many laboratories. This has spurred an increasing interest in filtering techniques. A recent review
has been given by Reimer [18]. As the Castaing-Henry filter contains an electrostatic mirror, its
use is restricted to voltages up to about 80 kV. This limitation can be overcome by use of a purely
magnetic imaging energy filter. The development of such a filter has started in Orsay [19] and
was continued in France [20] and Germany [16,21]. More recently a system has been proposed
[22] and constructed [23], which is now commercially available. The results already obtained with
this new instrument [17, 24, 25] demonstrate the large range of applications, where energy filtering
leads to results that are not obtainable otherwise.

Theoretical considerations.

When trying to obtain a faithful representation of the elemental distribution using characteristic
energy loss signals, it is essential that the contrast observed is not due to a preservation of the
elastic contrast. For any quantitative elemental mapping we must be sure that this indirect effect
of elastic scattering processes is negligibly small. This condition ensures that the first order Born
approximation can be used.

The calculation of the current density in the image plane is done in two steps. Firstly we determine
the wave function of the scattered electrons before the objective lens by using the standard pro-
cedures of quantum mechanical scattering theory [26,27,28,29]. Secondly we have to calculate
the propagation of the electron wave through the lens and into the image plane. This problem
is mathematically equivalent to the conventional theory of image formation in light optics or in
electron optics for elastically scattered electrons. After some calculations, which are outlined in
the appendix, we obtain for the current density j a sum of terms corresponding to the excitation
of the object from the ground state |0) to a state |n)

ip) = Z Jno(pP)

=JOZ ,C /\2
n

2

/ Fao(8) A(8) exp {~iv(8,5E)} exp{ik8p}d26 (1)

where jo is the current density in the object plane, k; = 27 /); and k¢ = 27/ )¢ are the wave num-
bers before and after the scattering process, f,o(8) is the scattering amplitude for the excitation
process |0) — |n) . The function

_J1 for |8] < 6o
A(6) = {0 otherwise (2)

describes the objective aperture and
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7(0,6E) = ki [csZ - AfG - Cogpd ] 3)

is the phase shift due to lens aberrations stemming from the spherical aberration C;, the defocus
Af and the chromatic aberration C.. Here Ep and § E denote the mean energy of the electron
passing through the objective lens and the deviation from it, respectively. We compare this ex-
pression with the current density

2

(4)

in an image obtained in the central dark field mode. The part j,o(p) of the current density in an
“inelastic image* is thus obtained by replacing the elastic scattering amplitude f() by the corre-
sponding amplitude f,,o(@) for inelastic scattering (apart from the factor k¢/k; ). This behaviour
can be easily understood because in both cases there is no interference between the unscattered
and the scattered waves. The reason for this lack of interference is different though. In central
dark field imaging the unscattered beam is intercepted by a small stop in the center of the back
focal plane, so the unscattered beam does not contribute to the image. In inelastic imaging there
can be no interference because the initial |0) and final |n) states of the object are orthogonal. So
even if the unscattered wave passes through the objective aperture and through the energy filter,
it can only interfere with scattered waves, which have left the object state unchanged.

For any explicit computation for a given object we first have to determine the transition amplitudes
fno(8) . As we are interested in the use of inner-shell losses for elemental mapping, we suppose
that the atoms are independant from each other. This assumption is already implicitly made
when one states that a particular atom has been excited. Furthermore, we use free-atom matrix
elements, thus neglecting the fine structure effects, which are due to the modification of the final
atomic states in a solid. As one uses rather large energy windows, these fine structure effects are
averaged out.

The local chemical composition of the specimen is described by the particle densities n, (p) for
each element » = 1,2,.... We now consider a range of atomic transitions, which are assumed
to be characteristic for a given element ». To determine the current density jr(p) within a given
energy window AE + §E /2, we have to sum over all atoms £ of type v at positions p,

Jor(p) = ;—‘3

[ 16) 4(6) exp{-in(6,0)) exp {ikp8} %6

ir(p) =Y ialp— po), (5)
4

where ja(p) is the current density due to a single atom at the origin.

We note that the relation (5) does not hold true for “elastic” dark field imaging. In this case we
must consider the interference between waves scattered by different atoms. For inelastic scatter-
ing any two states describing the atom ¢ and ¢ are orthogonal and therefore there is no interfer-
ence between the corresponding partial waves. Equation (5) states that the total current density
is a sum of terms due to single atoms. Due to this linear relation, a Fourier transform of equation
(5) yields the standard form of any linear imaging theory

J(Q) = N, (2) Ja(Q2) (6)

where

J(9) = / #1(p) exp {ike2p} d%p (7)
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and
JA() = / ia(p) exp {ikQ2p} d?p (8)

are the Fourier transformed current densities and

N = [ n.(p) exp{ikifto} a%p = 3 exp{ikeitn;) ©

J

is the Fourier transform of the particle density n, (p) of the element v in the object. For a given
specimen n, (p) and thus N, (R2) is known. To determine J(£2) we have to calculate J5 (), which
we shall write as

JA(Q) = jooH(Q) (10)

where o is the inelastic cross-section for the chosen energy window and the objective aperture.
The function H(S2) is a transfer function, which is dependent on the instrumental parameters and
on the transition under consideration.

The dipole approximation.

For determining the transfer function, or equivalently, the current density ja(p) we must know
the inelastic scattering amplitudes f,,(8) for the considered transitions. Within the frame of the
first-order Born approximation f,0(8) = fao(K) is given by the matrix element

Mo

2 .
Py (ken|Vik;0) = ~ KZan (n]exp {iKr} |0) (11)

for the excitation of an electron from its initial state |0) to a final state |n). Here K = k; — k¢
denotes the scattering vector and ay = 0.529 A is Bohrs radius. For small scattering angles and
thus small scattering vectors, the exponential function can be expanded

fno(K) = -

exp {iKr} ~ 1+ iKr. (12)
Considering the orthogonality relation

(n]0) =0, (13)
this procedure yields
—2i
Faol(K) = oo (nlKr[0). (14)
In this dipole approximation the scattering amplitude is given by the dipole matrix element (n|r|0)
multiplied by I—{izaﬂ . Therefore the specific transition enters only via a factor describing the

strength of the transition, whereas the dependence on K is completely determined [30].

To determine the range of validity of the dipole approximation we have calculated the current
density for the inner-shell excitation of a single atom, using a central-field model for the atomic
potential [31] and assuming an ideal lens (y = 0) . The results for the K-excitation of oxygen
are shown in figure 1. As has been shown previously [30], there is a ring of high intensity around
the atom. We can see that for an objective aperture angle of 10 mrad the “exact“ calculation
yields only minor corrections to the dipole approximation. To check the accuracy of the dipole
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Fig. 1. — Intensity distribution in the image of an oxygen atom when using only K-loss electrons. An elec-
tron energy of 120 keV and an ideal lens (v = 0) are assumed. The results using the matrix elements from
a central field model (full curve) and those obtained by the dipole approximation (dashed curve) are shown
for different objective apertures of (a) 5 mrad (b) 10 mrad (c) 20 mrad and (d) 40 mrad .

approximation further, we have performed a series of calculations variing the edge type and the
energy loss. Some results are displayed in figures 2 and 3. In figure 2 we compare the single-atom
images for the O — K, the V—L,3 and the Sn — M,; excitations with the corresponding dipole
approximation. As the energy losses are equal, the dipole approximation predicts the same shape
for each of these three excitations. To be able to discern any differences, we have assumed an
extremely large objective aperture angle of 40 mrad. From the curves we can see that even though
there are some differences, these are relatively small. For any realistic aperture angle (typically
about 10 mrad) the dipole approximation yields reliable results irrespective of the edge type. To
investigate the dependence on the energy loss, we have performed calculations for the Li—K and
for the Al-K edge. We find that for low energy losses and an aperture angle of 10 mrad, the
deviations from the dipole approximation are somewhat larger, whereas for high energy losses,
the dipole approximation is valid even for aperture angles of 40 mrad. We can thus safely state
that for realistic imaging parameters the use of the dipole approximation is well justified.
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Fig. 2. — Intensity distribution in the image of a single atom in the case of oxygen K-loss (full curve), vana-
dium Ly3-loss (dotted curve), and tin M45-1oss (dash-dotted curve) for a given energyloss of AE = 540 eV,
an electron energy of 120 keV and an objective aperture angle of 40 mrad. The central field model and
the dipole approximation (dashed curve) have been employed.
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Fig. 3. — Results of central field calculations (full curves) and the dipole approximation (dashed curves) for
(a) Li-K (with 6o = 10 mrad and AF = 65 eV)and (b) Al- K (with §p = 40 mrad and AE = 1580 €V)

loss images.
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The influence of lens aberrations.

The aberrations of electron lenses play an important role in the image formation process. To assess
their influence for elemental maps, we have calculated the images for an O—K excitation with and
without taking the lens aberrations into account. For comparison we have drawn the equivalent
curves for the image of a single heavy atom in the dark field mode. The differences between figures
4a and 4b are due to the inelastic scattering process. As the extension of the atomic shells is much
smaller than the resolution limit of current instruments, the intensity distribution in the (elastic)
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Fig. 4. — Intensity distribution in the image of an atom employing an accelerating voltage of 120 keV and
an objective aperture angle of 8y = 8.5 mrad for (a) the elastic” dark-field mode; (b) 540 e V-loss electrons
(corresponding to the oxygen K-loss). The dashed curves show the results for an ideal lens (y = 0), whereas
the full curves have been calculated for the aberration constants of the Zeiss EM 912 Omega instrument

(Cs = 2.7mm, Cc = 2.7 mm). In (a) we have assumed the “optimal” defocus of Af = 0.82/Cs X =
780 A, whereas in (b) we have assumed an energy window § E = 20 eV and an optimized defocus of Af =

0.1V/Cs A =95 A.

dark field image is an Airy disc for an ideal lens (dashed curve). This disc is only sightly changed by
the spherical aberration of the objective lens (full curve). However, the intensity distribution in the
inelastic image is somewhat broader than for a point scatterer. This is easily explained by the fact
that an incident electron passing an atom at some distance still interacts with the bound electrons
and can therefore cause transitions. To obtain an elemental map, we have to use a finite energy
window, whose size we have assumed to be 20 eV. Then the intensity distribution is considerably
broader due to the chromatic aberration. The important parameter is the normalized focal spread

«, which is given by the ratio of the focal spread Cc%g— to the Scherzer defocus +/CsA[32]. In our

case this parameter is about 5, meaning that the focal spread is much larger than the Scherzer
defocus. In figure 5 we have drawn the transfer functions corresponding to the image intensities
in figure 4. The decrease in resolution for large energy windows manifests itself in a rapid decrease
of the transfer function for large spatial frequencies in figure 5b. For typical energy windows the
attainable resolution is thus limited by the chromatic aberration. To illustrate this behavior we
have calculated the resolution limit d as defined by the diameter of the disc containing 59 % of
the total intensity as a function of the normalized focal spread «. For a given focal spread we have
computed the defocus and the objective aperture angle giving the smallest value of d . The results
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Fig. 5. — Normalized Fourier-transforms of the curves shown in figure 4 yielding (a) the modulation transfer
function and (b) the transfer function for inelastic imaging.
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Fig. 6. — (a) Normalized resolution limit d/ {/CsA3 as a function of the energy window expressed by the
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S

VCsA EO Eo 2m0C2 + Eo
oo (—),05(----- ), 0.2 (o ), 0.1(-- -- --),and 0.05 (- - - -). (b) normalized defocus A = Af/+/CsA

and (c) the normalized optimal objective aperture angle 9o = 6o/ { —C/\T .
S
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for several energy losses are presented in figure 6. Looking at figure 6a we find thatup to x = 1 the
chromatic aberration hardly influences the attainable resolution. For larger energy windows the
resolution decreases with an asymptote proportional to /. Figures 6b and 6c show the objective
aperture and the defocus value necessary to obtain the optimal resolution. The sudden humps
are due to the fact that the resolution limit as a function of aperture angle Y, and defocus A has
two local minima, whose relative height changes with . At several critical values of « bifurcations
occur. As k denotes the focal spread in Scherzer units, the resolution for large energy windows is
not sensitive to the defocus. For these large « values the optimal aperture angle decreases, thus
balancing the effect of the chromatic aberration and the diffraction disc.

To demonstrate the influence of the accelerating voltage and the aberration constants on the res-
olution attainable for given energy losses and energy windows we have compared the theoretical
resolution limit of a Zeiss EM 912 Q with the values for a (fictitious) filter microscope with the
Philips ultra twin lens at 120 kV and at 200 kV, respectively. The instrumental parameters are
shown in table I. In table II we have listed the resolution limits for a low (AE = 200 eV) and a

Table 1. — Instrumental parameters used for the calculation of theoretical resolution limits for
elemental maps.

EM 912 Q@ | CM 12 Ultra Twin | CM 20 Ultra Twin
Eo/[keV] 120 120 200
Cs/[mm] 2.7 0.5 0.5
Cc/[mm] 2.7 1.0 1.0
v/CsX3/[A] 5.6 37 3.0
VCsM[A] 951 409 354
/25 /lmrad) 5.9 9.1 8.4
9e(E = 200eV) 0.16 0.1 0.07

Table II. — Theoretical resolution limits for elemental mapping in a filter microscope. We have com-
pared the results for a Zeiss EM 912 2 with those of a (hypothetical) filter microscope employing an
objective lens with the aberration constants of the Philips Ultra Twin lens. For the calculation we have
assumed a high ( AE — oo ) and a low ( AE = 200 €V ) energy loss and energy windows 6 E of
10eV,20 eV and 40 eV.

AE/[eV] | 6E/[eV] d/[A]
EM 912 Q | CM 12 Ultra Twin | CM 20 Ultra Twin
% 10eV 49 3.0 2.1
00 20eV 6.9 4.2 2.8
0o 40eV 9.9 5.9 4.0
200eV 10eV 8.1 5.9 5.0
200eV 20eV 10.3 7.3 5.7
200eV 40eV 13.3 9.3 7.2
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high (AE — oo ) energy loss, assuming energy windows of £ = 10 €V, 20 eV and 40 eV. The
values clearly demonstrate the improvement in resolution with decreasing aberration constants
and increasing accelerating voltage.

We stress the fact that we have optimized the resolution for a given energy window. In prac-
tise, however, the attainable resolution is limited by the signal/noise ratio (SNR) rather than by
the instrumental parameters. Therefore, we should optimize the SNR rather than the resolu-
tion. Preliminary calculations indicate that it is advantageous to use larger objective apertures
and smaller values of « to obtain a given resolution. We are currently undertaking a systematic
study of this problem.

Conclusion.

The formation of elemental maps by use of inelastically scattered electrons has become a widely
used technique, particularily useful for light elements. We have discussed the basic assumptions
and approximations underlying the theory of image formation for inelastically scattered electrons
in an energy filtering transmission electron microscope. In particular we have demonstrated the
applicability of the dipole approximation. The attainable resolution for typical width of the energy
windows is limited by the effect of the chromatic aberration of the objective lens. Nevertheless a
practical resolution limit of about 1 nm seems to be achievable. This value is almost the same as
that obtained in a scanning transmission electron microscope [33,34]. For both instruments the
ultimate limit is imposed by signal/noise considerations [35].
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Appendix I

In this section we shall outline the derivation of equation (1). As is well known for images with
elastically scattered electrons, the essential part of the imaging system is the objective lens and
the aperture. The geometry is shown in figure 7.

To calculate the current density in the image plane, we proceed from left to right. The incident
electron with momentum %k is described by a plane wave exp {ikz}. It is scattered by the object
located at the plane z = zp. For simplicity we set zo = 0. The emanating partial waves are
focussed by the objective lens, situated in the plane z;.. This effect of the lens with a focal length
f can be described by a transmission function [36]

(o) = exp { ~ic5-fL | (15)

acting upon the wave function ¢ (pr) in the plane immediately before the lens. Using Huygens
principle in the Fresnel-approximation we derive the wave function in the back-focal plane (z =
za). At this plane the influence of the objective aperture and the axial aberrations can be described
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Fig. 7. — Schematic diagram depicting the image formation using the electrons, which leave the object in
an excited state |m > .

by the transmission function

Ta(6) = A(6) exp {—i7(6,6E)} (16)
where 6 = pa/f corresponds to the scattering vector.The aperture function
_J1 for 16| <o
A6) = {0 otherwise an

considers the influence of the beam limiting diaphragm and

4 2
4(6,6E) _k{Cso——Af ‘5E

-} (18)

is the phase shift due to defocus and lens aberrations. Again using Huygens principle in the Fresnel
approximation we shall eventually obtain the wave function at the image plane z = zg. This
function yields the final current density.

Following the passage of the electron through the microscope we now consider the inelastic scat-
tering of a plane wave exp {ik;z} by the specimen [26,27,28,29]. The Hamilton operator H is
given by the sum

H=H’+V=Hg+Ho+V, (19)

where Hg and Hg are the Hamilton operator of the incident electron and the object, respectively.
The operator V describes the interaction between the incident electron and the electrons of the
object. The solution can be expanded into a sum of product states

%(r,R) = exp {ikiz} Bo(R) + Y on(r)®a(R) (20)
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where the functions ®,,(R) are eigenstates of the operator Hg :

Ho®n(R) = E,®,(R) . (21)

The expansion coefficients are the functions ¢, (r) of the position r of the incident electron. The
vector R = (ry,ro,rs,......... ,rn) is used as a short hand notation for the positions of the N
electrons in the specimen. Since the center of each atom within the object has been fixed, phonon
excitations are disregarded.

The initial state of the system given by

¥i(r,R) = exp {ikiz} ®o(R) (22)

212
i

h
has an energyof £ = Ey + 2 . The interaction operator has the form

mo

e? 1
To determine the functions ¢, (r) , we insert the expression (20) into the Schrodinger equation

(HE+Ho + V)¢ = Ev. (24)

Multiplying by @;,.(R) from the left and integrating over the object coordiantes we obtain the
equation

h’k?
{HE - } Pm (r) + exp {ikiz} Vimo(r) + D _ @n(r)Vima(r) =0, (25)
where
E-FE, = h;:l'z" (26)
and
Vimn(r) = / o (R)V(r,R)®,(R)d*VR. (27)
Using
ﬁ2
Hg = —2—m—oA (28)
we can rearrange (25)
(A+ K )om(®) = 230 {exp{ikaz} Vimo(e) + 3 son(r)vmn(r)} : (29)

thus obtaining a system of coupled differential equations. If the scattering potential is sufficiently
weak, the resulting functions ¢,, are small. Then we can use the first order Born approximation,
thus neglecting the sum over n on the right hand side, whose terms are quadratically small. The
remaining equation

(B -+ 2 )om(x) & 250 exp {ikiz) Vimo(r) (30)
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is readily solved by use of the Green-function

N lexp{zkmlr—r 1}
Gm(r—r')=— -1 ) (31)
yielding
__Mo exp{ik,,,|r—r’|} o NA3.. 1
Pm(r) = SrR? / et exp {ik;2'} Vio(r')dr '. (32)

In standard scattering theory one is interested in ., (r) at extremely large distances from the
scattering object (|r| — co). One then uses the Fraunhofer—-approximation [26, 27, 28, 29]. Here,
however, we need to know ¢,,, in the plane 21 just before the objective lens. Therefore we must
apply the Fresnel approximation for the spherical wave [36]. Using the expansion

2! 12 - 2
|rL-r'I=\/(ZL—Z')2+(0L—po)2=y\/l—Tz+z—+M

g g?
1
~g—2 + 5_3(”‘“ - po)? (33)
for the exponent of the Green function and the approximation
IrL —r'|mg=2L-20 (34)
for its nominator we obtain
exp {ikm|rL — |} _ exp {ikn(g — ')} {.km | 2}
~ expqi——(pL — . 35
rL—1| 7 XP1%3 g (PL — pO) (35)

In the plane z = 21, immediately before the lens, which we assume to be infinitely thin, the partial
wave function ¢, is given by

mo €xp {ikmy} .
27h? g

. / exp {i(ki — km)2'} Vino(po, ') €xp {i'-;f‘g-(pL - po)2} d%po dz'. (36)

To determine the wave function in the back focal plane, we have to multiply ¢,,1 with the trans-
mission function 71.(p1.) describing the action of the lens and calculate the Sommerfeld integral
in the Fresnel-approximation [36] .

®m(pL, 2L) = mL(pL) = —

%Mp@:%ﬂ ‘PmL(PL)TL(PL)exP{’ (pa — PL)z}dsz

_ mo_exp {ikn(f +9))
27!’732 iAmfg

e {i2(p1. - poy' |

- €Xp {—1-27 } - €xp { 7 (P — PL)2} d’podz'd’py =

___mo_exp{ikm(f +9)} km (9 —f) z}
27h? f exp{ 2 f2 PA

. / exp {i(ki — km )20} Vimo(p0, 20) €xp {—ikm popa/f} d*podz’. (37)

exp {i(ki — km)2"} Vino(po, 2')-
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In the last step we have performed the integration over the plane 21, . Using the scattering ampli-
tude

fmo(K) = —2’:’:2 / Vmo(l‘o) €xp {iKl‘o} dzl‘o, (38)
where
K=k;—-k,
and
k., = kne, +k,,0
we eventually obtain
ik km (9 —

Essentially, equation (39) states that the wave function in the back focal plane is proportional to
the scattering amplitude. The intensity distribution is thus proportional to the differential cross
section. For elastic scattering this distribution represents the diffraction pattern.

To determine the wave function in the image plane, we have to multiply ¢, a(pa) by the trans-
mission function T2 (pa) and then compute the propagation into the image plane, thus obtaining

(me(pB) — expzijfznb(ﬁ _f)f)}

[ omaton) Taten)exp {i%ff—f—)(pn - pA)z} dpa =

_ f-exp{iknm(b+ g)} . kmp} )
R Wy e"p{’?(b—f)}

[ ina(@4@) exp (=in(@))exp { ~i=L om0 oo, (10)

Here we have used 8 = pa/f and the relation

f2

b—f=
f g—f

(41)
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which follows directly from the thin lens equation

1 1 1

-4 -, 42
FTty (42)
We now determine the current density jg(ps) perpendicular to the image plane. To be indepen-
dant of magnification and image inversion, we refer the current density back to the object plane.
Defining p = — pB% and scaling the resulting current density to the current density on the object,

we obtain

2

/ fmo(8) A(8) exp{—i7(8,6E)} exp{ik,0p} d%6 (43)

. . kyn 1
JMO(p)-]OTiE

This result is equivalent to equation (43) in [30] , where the sum over the products of scattering
amplitudes " fom(8’)f3,(0) has been expressed by the mixed dynamic form factor.
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