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Abstract. 2014 The alternating temperature field variations in a conductive medium follow an
equation similar to the wave equation. Thus, several mathematical tools known for a long time in
optics can be used for heat diffusion calculations. Especially, the plane wave expansion appears
very powerful. It is used in a nanothermic example where theoretical results are compared with
experimental ones.

Résumé. 2014 Les variations du champ de température alternative dans un milieu conductif sont
régies par une équation du type équation d’ondes. C’est pourquoi plusieurs outils mathématiques
connus depuis longtemps en Optique peuvent être utilisés pour des calculs de diffusion de la
chaleur. En particulier, la décomposition en ondes planes apparaît comme très efficace. Elle est
utilisée dans un exemple de nanothermique, où les résultats du calcul sont comparés à ceux
fournis par l’expérience.
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1. Introduction

Numerous non-destructive evaluation experiments use thermophysical characterization of sur-
face or sub-surface profiles. Their increasing accuracy makes possible, nowadays, the detection
of submicrometric defects hidden in a solid sample. Thus, it is convenient to speak about
"thermal microscopy" [1-4].
A large part of these thermal measurement methods use an harmonic modulated heat source

which generates in the sample an alternating temperature field. In this paper, we show that the
Fourier transform constitutes a precious tool for the conductive medium temperature study,
especially in the harmonic case. Indeed, in spite of the physical nature différences between these
phenomena, several mathematical methods used for a long time in acoustics and in optics can
be extremely helpful in many alternating thermal diffusion problems.
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Among these common methods, let us mention the discrete Fourier transform (finite sample)
[5,6] and the Hankel transform (cylindric symmetry problem) [7] which are not described in
the present paper. We limit ourself here to the most fundamental tool: the continuous Fourier
transform.

2. The Température Field in a Solid Médium

2.1. Thermal Measurements

Thermal measurement constitutes a very accurate method to obtain information about many
physical phenomena, in a non destructive way. For example, the sample temperature depends
on the thermal energy received by this sample. It is also a function of the sample shape
(including inner defects, like fissures or inhomogeneities). The solid temperature depends also
on chemical and physical (crystalline phase) composition of the sample.
Some measurement methods provide information about the sample general temperature, by

detecting electric resistivity or refractive index global variations. When using such methods,
one assumes evidently that the temperature is the same in the bulk sample. Other methods are
more sophisticated and give access to the surface temperature map. Let us mention infrared
detection and mirage effect [8]. Let us mention also all the scanning methods, which use a probe
thermally coupled with the sample. In these cases, the probe temperature, which is globally
known, depends on the sample region around the probe [4,9]. The surface temperature map
obtained by measurement is used to reconstitute the temperature in the bulk of the sample,
as a first step in solving the inverse problem. That is why this paper is concentrated on the
calculus of the thermal field in a conductive medium.

2.2. Heat Diffusion Equation and Boundary Conditions

We study here the temperature variations in a solid sample, for times longer than the microsec-
ond. Thus, we do not use the "hyperbolic equation" describing the non-diffusing behaviour of
heat during very short times [10-12]. We assume also that temperature variations are small
enough to leave the sample thermal coefficients unchanged. Under these assumptions, the tem-
perature spatio-temporal variations in the sample follow the so-called "Fourier equation" [5]

with the following nomenclature: r the position vector, t the time, p the volumic mass, C the
thermal capacity density (for a constant volume), T the temperature, A the thermal conduc-
tivity, and cr the internal energy production rate per time and volume unit.
In the special case where the solid sample is homogeneous and isotropic, we may use the
(constant) thermal diffusivity, defined as

and write equation (1) in a shorter way

Two kinds of boundary conditions on the sample edges are usually considered: the conductive
and the convective conditions [5].
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The conductive boundary conditions between two media denoted "1" and "2" (conductivity
and temperature subscripts in Eqs. (4a, b)) are based on the heat flow conservation and on
the temperature continuity. When denoting n the unit vector perpendicular to the boundary
surface at r, these conditions may be written

The convective boundary condition contains the coupling constant h which depends on the
fluid medium bounding the sample. If we denote q&#x3E;(t, r) the heat flow going from the fluid
medium into the sample, this condition is

2.3. Choice of a Time Analysis

The two integral transforms used mainly for the time analysis of thermal variations in a solid
are the Laplace and the Fourier transforms. The first is particularly suitable when the sam-
ple is heated during a short time, as in the so-called "flash method" measurement [6]. The

temperature field time Laplace expansion is

It follows that, according to equation (3), each Laplace transform spectrum coefficient satisfies

When the heat source is periodic, it seems preferable to use the time Fourier transform of the
temperature, and to write

Note that although the heat diffusion equation (Eq. ( 1 ) ) is not a wave propagation equation,
we choose here a phase convention which is usual in quantum mechanics and optics for the
time Fourier transform [13].

Taking into account equation (3), we may write, concerning the Fourier spectrum coefficients
of r and u

In order to simplify and to standardize notations, let us write the spectral coefficients in a
uniform way T (r) and cr(r). Thus, the temperature Laplace mode becomes exp ( -st)T (r) ,
while its Fourier mode is denoted exp(-iwt)T(r). With this notation, equations (7, 9) both
become 

1 1

where K is a complex number defined according to the chosen time transform
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In the case where there is no heat source, equation (10) becomes

in which we recognize a free space wave equation, where K2 is square of the (complex) wave
vector (not to be confused with the square of the norm).

Thus, we shall first develop from equation (13) a general spectrum of plane waves, and then
we shall see the consequences, for that spatial spectrum, of the time-transform choice.

2.4. General Plane Wave Expansion

The plane wave expansion [14], used often in near-field optics, can be applied to solve all
differential equations with the appearance of the Helmoltz equation, in quantum mechanical,
acoustic [15] or thermal areas [7,16]. Using Cartesian coordinates, we suppose that the solid
sample has no edges in the x and y directions. Under these conditions, we may formulate for
each time mode T(r) = T(x, y, z), in a z = constant plane, the 2D Fourier transform depending
on x and y. In this way, the time mode may be written as

Each space mode T(kx, ky , z) must satisfy equation (13). This condition leads to

By using the Laplace or Fourier time transform and then the 2D space Fourier transform, we
have changed from a 4D to a 1D differential equation. The most general solution of this very
classical problem is the double plane wave

where x is the wave vector z-component defined as

In the case where the sample can be considered as a half space extending in the z &#x3E; 0 range
and without thermal source, the second term in the right part of equation (16) disappears and
each time-mode can be expanded as a simple spectrum of plane waves [17]

Let us examine the wave vector, the components of which are kx, ky and X. Its x and y
components are always real, because they are the x and y conjugate variables in the 2D spatial
Fourier transform. If the time-transform is the Laplace one, K 2, equal to s/a, is real. Thus,
the z component x can be real or purely imaginary, depending on k 2 +k 2 , as in dielectric media
optics. In this case, again as in dielectric optics, the space spectrum T (kx, ky, 0) is composed
of a progressive part and of an evanescent part. Nevertheless, let us remember that each wave,
even spatially progressive, is time-damped.
On the other hand, if the time-transform is the Fourier one, K2, equal to iw/a, is complex.

It follows that x is complex whatever the value of k x 2 + k y 2. Thus, in this case, all the waves
are damped, in a way which is described below in a detailed manner, and which recalls metal
optics.
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2.5. Reflection and Transmission Coefficients on a Plane Interface

Equation (16) calls to mind the couple - incident and reflected wave - near a plane interface,
in optics or in acoustics. This similarity may be clarified as follows. Let us assume that
the sample is semi-infinite, with a plane edge surface at z = 0. In spite of the big physical
differences between the thermal field and the acoustic or the electromagnetic one, by taking into
account the boundary conditions (Eqs. (4) or (5) ) and the plane waves expansion equation (16),
we can define reflection (conductive and convective conditions) and transmission (conductive
conditions) coefficients.

Let us consider the conductive conditions equations (4), convenient in the case where the
medium extending in the z  0 half-space is solid. The problem is to link the temperature field
mode propagating in z  0 to the one which propagates in z &#x3E; 0. To be clear, we note with a
"1" subscript the physical quantities (wave vector, thermal conductivity, temperature) related
to the z  0 medium, and with a "2" subscript those related to the z &#x3E; 0 medium. Let us write
the boundary conditions in the Fourier space, i. e. for the single or double wave related with
a given couple (kx, kx). As in optics or in acoustics, we have in the first medium an incident
wave and a reflected one (double wave equation (16)). On the contrary, in the second medium,
which is supposed semi-infinite, we have only a transmitted wave (simple wave equation (18)).
Thus, the temperature continuity at z = 0 leads to

Note: for a given time conjugate variable s or w, KI and K2 are defined following equations
(11) or (12), with al and a2 respectively.

In the Fourier space, the heat flow conservation condition (Eq. (4a)) becomes

By combination of equations (19) and (20), we obtain the reflected mode T1 (kx, ky, 0) and the
transmitted mode 2(kx, ky, 0) depending on the incident one Ti (kx , ky, 0)

and

The formal analogy with optics (Fresnel formulas for the T.E. wave) is strong. Thus, it

seems convenient to denote "reflection coefficient" the factor multiplying Ti + (kx, k , y 0) in equa-
tion (21), and "transmission coefficient" the factor in equation (22).

2.6. Huygens-Fresnel Principle for the Thermal Waves

The plane wave spectrum has been linked years ago with the Rayleigh formula expressing the
Huygens-Fresnel principle [17]. This appears valid in the case of the thermal diffusion waves

just as it is in optics or in acoustics. For temperature field calculations, it could constitute an
alternative to the use of equation (18), in the case of a strongly localized field for which the
width of the plane wave spectrum creates numerical problems.
Suppose that we know the temperature field on the plane z = 0. Let us write in this plane

the 2D Fourier transform
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Taking into account equations (14, 18, 23), we obtain

which may also be written with the so-called field propagator G

where

Let us remember the Weyl formula which is available for K complex as well as for K real,
provided that the imaginary part of K is positive [18]

with

Since the condition lm(K2) &#x3E; 0 is always fulfilled for the thermal waves, equations (25-27)
give

Equation (29) is the Rayleigh formula corresponding to the Huygens-Fresnel principle in the
case of a plane boundary condition. We notice its validity for the thermal diffusion problem.
The obliquity factor is in the integrand of equation (29). This could be the point of departure
for the formal approach of the thermal diffraction by a narrow aperture [19].

3. The Harmonic Thermal Field

3.1. Expérimental Interest

Nowadays, a.c. temperature measurement is a very important tool for non destructive control.
The spatial damping of a thermal harmonic wave depends on its frequency. Thus, low and high
frequencies do not furnish the same information about the sample. In particular, a variable
thickness of the sample material can be made "thermally visible". That is why, in the following
part of this paper, we consider exclusively the case of the harmonic temperature field.

3.2. The Diffusion Length Related to the Time Frequency

The Fourier time-transform provides a spectrum of damped waves characterized by (see Eq.
(11))
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Let us consider a thermal wave with a z-directed wave vector (kx = ky = 0), diffusing from
plane A to plane B in a semi-infinite solid medium located in z &#x3E; 0. According to (17) and
(18), the temperature on B may be written

which gives, from equation (30),

In equation (32), the zB - zA distance on which the complex temperature phase increases by
one radian, while its amplitude is divided by e, is called the "diffusion length" , and denoted jj

Thus, the heat source modulation frequency chosen makes the sample "thermally thick" or
"thermally thin". When the heat source modulation has a low frequency, the surface temper-
ature depends on the bulk structure of the sample. On the contrary, with a high modulation
frequency, the surface temperature depends only on the surface structure.

This selective sensibility can be used for solving the inverse problem. For example, Lan et al.
[1] propose a multilayer method for reconstituting the thermal conductivity profile k(z) of a
one-dimensional material. Several surface temperature measurements are made with decreasing
frequency heat sources. Each measurement is assumed to provide information about a depth
equal to the diffusion length concerned. Thus, each measurement provides a new independent
line in a linear system. The conductivity profile is obtained by solving this system.

3.3. The Harmonie Thermal Wave Vector

As said above, in a homogeneous isotropic medium without thermal sources, the harmonic
thermal wave vector K following from the 2D spatial transform satisfies

In the case of electromagnetic or mechanical waves, a complex wave vector square is charac-
teristic of an absorptive medium. In optics, where we have K = nU) / c, the refractive index n
is complex. But generally, the imaginary part of n is much smaller than its real part. The
equality between them is obtained only very near the resonance. On the contrary, in thermal
detection, according to equation (30), the real and the imaginary parts of K are always equal.

It follows that all the harmonic temperature plane waves are strongly damped, even those
with kx and ky close to zero. Indeed, for kx = ky = 0, according to equation (32), when the
temperature phase increases by 27r, the amplitude is divided by more than 500. Thus, although
thermal-wave interference fringes do exist [20], they do not appear as often as optical-wave
interferences. However they are responsible, for example, for edge effects.
We show in Figures la, b, c the real and imaginary parts of x depending on kx, for ky = 0.

The wave vector pictured in Figure la is related to light propagation in a transparent medium
(real refractive index) - we see, in the "horizontal" plane, the half-circle followed by the
extremity of the real wave vector related to low spatial frequencies (progressive field) and, in
the "vertical" plane, the two hyperbolic branches where the extremity of the complex wave
vector related to the high spatial frequencies (evanescent field) is situated. Figure 1b shows
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Fig. 1. - The extremity of the complex wave-vector in the case where ky = 0, for dielectric optics
(a), metal optics (b), and thermal harmonic field (c). In (b), the refractive index is n = 1.5 + 0.05 i. In
order to make comparisons, we show dimensionless components kx/ R(K), R(X)/ R(K) and I(X)/ R(K).
Dashed lines show the wave-vector projection in the z = 0 plane.
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an example of an optical wave vector in the case of an absorptive medium (complex refractive
index), and Figure le shows an example of a thermal wave vector. Whatever the x-component,
the wave vector K has a complex z-component the imaginary part of which increases with
the absolute value of kx. For kx increasing to the infinity, the extremity of K describes an
hyperbola, as in the optical case.

4. Température Field Generated by Particular Sources

4.1. Thermal Problem Specificities

The thermal problem is often more simple than the optical one, not only because the field is
scalar, but also because of the way in which thermal sources are generated. For example, when
using a laser beam to heat the sample, an optical wavelength for which the sample is very
absorptive is chosen. Thus, it is often possible to consider that the conversion of optical into
thermal energy occurs at the surface: the heat source is purely superficial. For the calculation,
such a heat source does not appear in right part in equation (3) but as a heat flow in the
boundary condition equation (5), which is simpler. Section 5 shows a real example of that
situation, where, despite the presence of a heat source in the experiment, the mathematical
formulation is that of a "without source problem".

Concerning the bulk heat source, it may be obtained in a homogeneous material, for example
by the Joule effect, or by progressive absorption of a laser beam. In such a case, the alternative
temperature field variations are obtained from equation (9).

4.2. The Flat Internal Source

When it is not on the sample edge, the plane heat source can no longer be considered as a
boundary condition. It appears as a term on the right-hand side of equation (9). Calculations
related to the plane heat source are of a great theoretical interest, particularly because the
most general 3D source may be modeled as a plane elementary source integral. We examine
here a plane internal harmonic source heating a homogeneous isotropic medium, without edges
in the x and y directions. For such a source located in the z = zs plane, the harmonic diffusion
equation (9) becomes

Let us take the 3D spatial Fourier transform of the temperature and heat source fields, defined
as follows

In the Fourier space, equation (35) becomes

So, the inverse Fourier transform provides the temperature field

It is worth noting the real values of the three components of the reciprocal vector k. This purely
real vector does not coincide with the complex thermal wave vectors which appear in the 1D
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problem equation (31) or in the harmonic plane waves spectrum described in the preceding
section. Equation (38) is very general. It is valid whatever the shape of the heat source. As
we consider here the flat source case, thé J Dirac-function properties lead to the 3D Fourier
transform

Equation (39) is introduced in equation (38) to obtain

where

The integration of I can be analytically performed (see Appendix). It leads to

Thus, according to equation (42), the plane wave spectrum of the temperature field generated
in the sample can be written

For a given plane source, equation (43) is directly usable by a FFT algorithm to calculate T(r)
at any point in an unbounded medium.
The point source constitutes an interesting special case. A source term

leads to

Here, the 2D inverse Fourier transform may be analytically performed with the help of the
Weyl’s theorem. We obtain the well-known Green’s function for equation (35)

with

Comparison between equations (45) and (46) sheds light on the characteristics of the plane
waves spectrum, where the decrease of the temperature field is entirely described by the prop-
agator in the z direction. This is a common feature of near field or metal optics.
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4.3. Exponentially Decreasing 3D Thermal Source

The temperature field generated by a general harmonic 3D heat source is formally given by
equation (38). The numerical implementation of equation (38) is laborious in practice, because
of the 3D Fourier transform. Fortunately, the 3D sources appearing in photothermal imaging
are generally of a particular kind for which another approach is possible, i. e. they are expo-
nentially decreasing, according to the Beer’s law [21]. Let us consider a solid sample extending
in the half-space z &#x3E; 0 and heated by a modulated laser beam propagating from the z  0 free

half-space. At any depth in the sample, the thermal source, proportional to the light intensity,
is exponentially decreasing. Thus, from equation (9), the thermal diffusion equation is

where T} is a complex number with positive real and imaginary parts. On the z == 0 edge,
the temperature field satisfies the convective boundary condition equation (5). By taking the
2D Fourier transform of equation (48), we obtain the equation which links each harmonic
temperature mode (kx, ky, z) to the corresponding source mode

A well-known particular solution of equation (49) can be formulated, depending on x

The general solution of equation (49) is the sum of equation (50) and of a free-space wave like
the one formulated in equation (18). This free-space wave has to be chosen in such a way that
the general solution satisfies the convective boundary condition equation (5) written in the
Fourier space. Depending on the unknown spectrum coefficient To, the equation to be satisfied
is

From equation (51), it is easy to deduce the convenient free-space wave

From equations (50, 52) we then deduce the total plane wave spectrum of the temperature
field generated in the sample, i. e. at z &#x3E; 0

It is sufficient to perform the inverse 2D Fourier transform of equation (53) to obtain the
temperature map in the sample.

5. Thermal Wave Propagation in a Multilayered Sample: Comparison
Between Expérimental and Theoretical Results

Within the framework of general thermal studies, we are interested in photothermal effects at
the nanoscale. Our approach is to collect the complete thermal signature of the sample under
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Fig. 2. - Schematic of the experimental setup for the investigation of thermal effects.

laser irradiation. We use the Scanning Tunnelling Microscope (STM) as a non-destructive
test to investigate thermal properties of materials [22]. With a view to obtain the thermal

signature, experimental results are compared with theoretical results. In our analytical method,
the temperature distribution is obtained by solving the heat diffusion harmonic equation (7).
The treatment explains the propagation of thermal waves in multilayered structures. Next, a
one-dimensional treatment to obtain the thermal expansion of the sample by integrating the
temperature distribution is used.

5.1. Expérimental Configuration

The experimental configuration is shown in Figure 2. The light intensity of an Ar+ laser at
488 nm is periodically modulated by means of an acousto-optic cell. Focused on the sample by a
lens, the beam reaches a spot diameter of 50 Mm and is shifted over the sample using a system
of mirrors. Our experiment operates in ambient air and the tip is held at a fixed location.
When the sample surface is irradiated, periodic heating causes periodic thermal expansion of
the surface at the modulation frequency. The STM is operated in the constant-current mode.
Thus, the feedback loop which controls the tip position keeps the tip-sample distance constant.
Consequently, the piezoelectric tube voltage Vz follows the periodic motion of the surface so
as to maintain constant this tip-sample distance. In order to measure the a.c. component of
sample surface deformation, the piezo voltage Vz is detected by a lock-in technique. In this way,
the amplitude and the phase lag of the photothermal displacement relative to the illumination
are obtained.

The sample used is a thin gold film (180 nm) evaporated on a copper substrate. The holder
is in PVC to avoid heat losses. Figure 3 shows the thermal signature of the sample when the
power of the laser light is 10 mW and the frequency modulation is fixed at 70 Hz. Figure 3
presents the phase lag component versus the distance between the laser spot and the tip STM.
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Fig. 3. - Comparison of experimental and theoretical phase of the thermal expansion a.c. component
of the sample.

5.2. Analytical Method

The sample is assumed to be a bilayered medium with semi-infinite copper layer. The superficial
layer composed of gold is opaque and the laser beam is absorbed at the surface sample. To
take into account the surface absorption, the source term must be placed into the boundary
condition at the surface sample. Thus, the heat diffusion equation for the periodic component
of the temperature (Eq. (9)) becomes

with the convention of an e-ÍUJt time dependence: T (t, r) = T(r)e-iwt. r is the position
coordinate: r(x, y) and is now independent of z.
To solve the heat diffusion equation, the boundary conditions to be satisfied are:

i) at z = 0, on the sample surface: the condition of Neumann is applied (Eq. (5)) with the
coefficient h neglected

in which S(r) is the source term with the Gaussian spatial distribution provided by the laser
beam (TEMOO): 

’"’-

Pabs is the absorbed power light, and ro the laser spot radius at (1/e2).
ii) The interface conditions must be considered at z = L, where L is the thickness of the gold
layer: the continuity of temperature and the conservation of flux
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Indexes 1 and 2 correspond to the respective medium, gold thin film and copper.

iii) at z = oo, T2 (r, z) - 0.

We applied the Fourier transform of the heat diffusion equation and the boundary conditions
(Eqs. (54, 56)). Equation (54) for each medium becomes:

in which kx, ky are variables of Fourier space and x is defined by equation (17). Equation (58)
has a solution of the form:

Tl and T2 are the respective temperature components of the space Fourier transform in the
bilayered sample. The problem is treated as wave propagation. Consequently, we introduce Ci,
Cr and Ct terms for the incident, reflected and transmitted waves in Fourier space. The Fourier
transform of the boundary conditions (Eqs. (55, 57)) allows us to determine expressions for
the Ci, Cr and Ct terms:

and

with R the reflection coefficient and T the transmission coefficient

Finally, the temperature distribution in the Fourier space is given by

To obtain temperature distribution in the real space, the inverse Fourier transform must be

applied to equations (62a, b). We are, however, interested in comparing the sample thermal
expansion with the experimental value. To determinate this, we introduce the usual expression
for the thermal expansion for each medium:

{3I and {32 are thermal expansion coefficients of gold and copper. The resulting sample expan-
sion is the sum of the expansions of each medium, AZ == AZi + AZ2. Although equations (62)
give the temperature field, it corresponds to the case of a strongly localized field for which the
large width of the plane wave spectrum creates numerical problems (see above, 2.6). Therefore,
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we first integrate over z and then integrate in the Fourier space. We also introduce the Bessel
function and obtain the following expressions which have to be evaluated numerically:

5.3. Results

Experimental results corresponding to the measurement of the thermal expansion phase com-
ponent of the sample are reported in Figure 3 and compared with our theoretical calculation.
A good agreement between theory and experiment is obtained. The sample thermal expansion
is investigated by analyzing the phase lag of the thermal signal a.c. component collected by
STM and the use of the Fourier transform method allows one to calculate the phase.

6. Conclusion

In this paper we have presented theoretical and numerical techniques, based on Fourier near-
field optics, to describe photothermal phenomena in isotropic and homogeneous materials. The
above examples show that the Fourier transform is a very powerful tool in theoretical conductive
thermal studies. The plane wave decomposition is particularly useful in many alternating
thermal field calculations, both at the microscopic and at the macroscopic scale. Furthermore,
in thermal diffusion problems, it can be used even when the sample contains heat sources.
Among the different integral transforms used to study harmonic thermal diffusion [23,24], the
thermal plane wave expansion can often be implemented numerically without difficulty, even
on a personal computer, by using the Fast Fourier Transform algorithms. In special cases (wide
spectrum) the numerical implementation is facilitated by using Rayleigh’s integral or Bessel
functions.
The example described in Section 5 shows the plane wave spectrum used in a practical

nanothermic problem, where numerical calculations are performed with the help of Bessel
functions.

Appendix

The integral I(kx, ky, z) (Eq. (41)) can be easily evaluated in the complex plane. I(kx, ky, z)
can be written

where the simple poles appear. The theorem of residues yields straightforwardly
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